We present a computational method to evaluate the end-to-end and the contour length distribution functions of short DNA molecules described by a mesoscopic Hamiltonian. The method generates a large statistical ensemble of possible configurations for each dimer in the sequence, selects the global equilibrium twist conformation for the molecule and determines the average base pair distances along the molecule backbone. Integrating over the base pair radial and angular fluctuations, we derive the room temperature distribution functions as a function of the sequence length. The obtained values for the most probable end-to-end distance and contour length distance, providing a measure of the global molecule size, are used to examine the DNA flexibility at short length scales. It is found that, also in molecules with less than ∼ 60 base pairs, coiled configurations maintain a large statistical weight and, consistently, the persistence lengths may be much smaller than in kilo-base DNA.
probabilities which, for fragments of ∼ 100 base pairs, remain a few orders of magnitude larger than the values predicted by the WLC continuous model thus indicating that DNA molecules may maintain an intrinsic flexibility also at short length scales. Likewise, FRET analysis of the end-to-end distance distribution combined with small-angle x-ray scattering (SAXS) measurements of the radius of gyration [23] have suggested that the remarkable bending flexibility observed in fragments with less than ∼ 100 base pairs may be related to a persistence length substantially smaller than the standard value of 50nm for dsDNA in the kilo base pair range. All these findings support the view that the DNA mechanical properties may depend on the fragment size [24] and challenge the applicability of elastic rod models to those short length scales which are critical to the DNA functioning in cells [25] . To address these issues we have recently applied a mesoscopic Hamiltonian model, which treats the dsDNA at the level of the base pair [26, 27] , to the analysis of the looping probabilities in short molecules: the obtained J-factors fit the order of magnitude of the experimental data and reproduce the observed trend as a function of the fragment size [28] . Importantly, radial fluctuations between the pair mates and large bending angles between adjacent base pairs have been incorporated in the computational method thus allowing for the formation of kinks which locally unstack the helix [29] [30] [31] [32] , enhance the cyclization efficiency and may reduce the persistence length [23, [33] [34] [35] .
Another indicator of the global flexibility of a polymer is the radial probability distribution G(R e−e , L) to find the chain ends at a distance R ee for a given contour length L. Such quantity can be accessed experimentally and ( under conditions of anti-parallel alignment and twist matching of the chain ends [19, 36] ), in the looping limit R ee ∼ 0, it reduces to the cyclization probability obtained e.g., for a twisted WLC model of DNA both in the case of large and small L [17] . Generally, for G(R e−e , L), corrections to the Gaussian distribution of a freely jointed chain have been derived both in the case of flexible polymers [37, 38] with large but finite L/l p and for semi-flexible polymers [39] with L/l p ∼ 1. While all these investigations assume the WLC model with bending elasticity as a paradigm for real polymers [40, 41] , it has been recently shown that, in the case of short chains of nucleic acids, the WLC potential energy should incorporate also a stretch modulus term as the stretching flexibility significantly contributes to the end-to-end distribution function [42] .
However, in view of the fact that for chains with less than ∼ 100 base pairs the applicability of the WLC model itself has been questioned, we feel worth to characterize the DNA equi-librium conformation and its flexibility properties following a different approach. Namely, pursuing our research line based on a mesoscopic helical model for the DNA molecule, we present in this work a calculation of the distribution functions, both for the contour length and the end-to-end distance at short length scales. While the model can also be adapted to heterogeneous sequences by tuning the input parameters, we consider here a set of short homogeneous sequences in order to highlight the effects of the molecule size on its global flexibility. To this purpose we use a computational method which incorporates the fluctuations both in the base pair transverse displacements and in the twisting and bending variables between adjacent base pairs along the molecule stack. As radial and angular variables appear entangled in the bond lengths, the method offers a more complex and realistic description of the helical stretching flexibility than that provided by simple WLC models [43] . Importantly, the average bond length varies in our analysis with the average twist conformation which characterizes the double helix, the averages being carried out over the whole ensemble of base pair configurations consistent with the model potential. Thus, before proceeding to analyze the global flexibility of the molecule, one has to specify its twist conformation explicitly indicated by the average number of base pairs per helix turn. The thermodynamics provides the tools to pursue this task, selecting the equilibrium conformation and defining, with respect to the latter, both the over-twisted and the untwisted regime. In Section II, we depict our model for a helical chain and review the essential features of the Hamiltonian model and computational techniques developed over the last years. In Section III, we determine the free energy and equilibrium twist conformations for a set of short helices. Section IV contains the analysis of the contour length and radial distribution functions. The latter results are used to extract information regarding the persistence length at short length scale in conjunction with other investigations and some available experiments. Some conclusions are drawn in Section V.
II. Model and method
In this Section, first we depict the geometrical model for a linear helical molecule made of N point-like base pairs. Next, we summarize the key features of the coarse grained Hamiltonian for the dsDNA molecule which incorporates bending and twisting degrees of freedom. Finally, we outline the method to obtain the partition function and the statistical ensemble which defines the average equilibrium properties for the molecule conformations.
For further details on the helix model, Hamiltonian and computational technique we refer to [28] .
A. Helix representation
For the i−th base pair, (i = 1, N), the positions of the two pair mates on complementary strands are denoted by, r
i , with R 0 being the interstrands separation i.e., the bare helix diameter. x While the r i 's may also be smaller than R 0 due to local contractions of the helix, too large contractions are prevented by the phosphate-phosphate electrostatic repulsion between complementary strands [44] which in turn is stabilized by the counter-ion concentration in the solvent [45] . These effects are included in our computation by choosing suitable cutoffs on the radial fluctuations as explained below.
Successive base pair displacements, r i and r i−1 , along the molecule stack are twisted by the angle θ i and bent by the angle φ i . Hence the general rise distance d i,i−1 , that is the segment AB in Fig. 1 , can be written as a function of the radial and angular variables as:
In terms of the d i,i−1 's, one defines the contour length L and the end-to-end distance R e−e as: In the following, the bare helix parameters are set to the values R 0 = 20Å and d = 3.4Å.
B. Hamiltonian
We model the dsDNA molecule, made of N base pairs of reduced mass µ, by a Hamiltonian that includes: i) a one particle potential V 1 [r i ] which accounts for the hydrogen bonds between complementary strands and ii) a two particles potential V 2 [r i , r i−1 , φ i , θ i ] which describes the stacking forces between adjacent base pairs along the molecule backbone and carries dependence on the angular variables. Explicitly the potential terms read:
The As discussed in refs. [26, 46] , the solvent term defined in Eq. (3) enhances the energy threshold for base pair breaking above the Morse dissociation energy and introduces a hump which modifies the Morse plateau thus providing a barrier which accounts for those effects of strand recombination occurring in solution [47] . Other analytical forms for V Sol [r i ] having the same physical properties may be used without changing quantitatively our results.
Furthermore, it is also noticed that the boundedness of the one particle potential as a whole, for large r i , is at the origin of the well-known divergence of the partition function encountered in Hamiltonian studies of DNA denaturation [48] . As such divergence cannot be removed by standard methods [49] , one has to confine the phase space which the r i 's can sample [50] . This is consistently done by our computational method based on the path integral formalism.
The two particles potential V 2 [r i , r i−1 , φ i , θ i ] depends on the elastic force constant K S and on the stacking parameters ρ i,i−1 , α i,i−1 which weigh the non-linear contribution to the intra-strand interactions.
The non-linear stacking term had been originally introduced, in a simple ladder Hamiltonian model for DNA without angular variables, to account for the cooperative character of the base pair opening in the melting process and its observed sharpness [51] . In that model however, whenever two adjacent bases slide far away from each other, the stacking energy becomes very large. To overcome this drawback, other models [52] have been proposed to account for the finiteness of the stacking interaction which essentially originates from the rather rigid sugar-phosphate strand and from the overlap of π electrons on adjacent bases along the stack. Such requirement is however fulfilled by the stacking potential in Eq. (3) which has been modified (with respect to the ladder Hamiltonian) so as to incorporate bending and twisting variables consistently with our geometrical model in Fig. 1 . In particular, it has been shown that the twist angle between adjacent bases introduces a restoring force in the stacking which stabilizes the helical molecule also in the presence of base pair fluctuations [46] .
The robustness of our choice has also been tested by comparing model predictions and available experimental information, markedly looping probabilities and twist-stretch profiles in the presence of a constant load [28, 53] .
Altogether, the potentials in Eq. (3) represent a realistic representation of the effective forces at play in DNA albeit in the context of a coarse-grained description which treats the nucleotide as a point-like object and does not account for some structural deformations such as the presence of grooves known to be important e.g., in the sequence specific DNA-protein binding [54] .
Then, the Hamiltonian of our model is given by:
where the term H a [r 1 ] is taken out of the sum as the first base pair in the chain lacks the preceding neighbor (but it interacts with its successive neighbor) along the molecule stack.
While this work focuses primarily on the global flexibility properties of short molecules as a function of length, the base pair specificities are not considered in the following calculations.
Accordingly we take a set of model parameters, suitable to homogeneous sequences, in the range of those previously determined by fitting thermodynamic and elastic data [53, [55] [56] [57] [58] [59] [60] i.e.,
The model can be extended to deal with the flexibility of DNA random sequences by introducing heterogeneity in the parameters of the one particle-and two particles potential analogously to what done in the study of bubble formation in specific minicircles [61] .
C. Partition function
The equilibrium properties for the system described by Eq. (3) are investigated by path integral techniques [62, 63] . Essentially, the method relies on the assumption that the base pair displacement r i may be treated as an imaginary time dependent path r i (τ ) with τ = it and t being the real time for the path evolution amplitude within a given time range [64] .
The mapping to the imaginary axis is a well-known semi-classical technique in the solution of quantum mechanical problems [65] : namely, one first searches for that classical path which minimizes the sum of the kinetic and potential energy in the Euclidean action and then, around such classical path, one evaluates the quantum fluctuation contribution to the path integral.
Likewise, the space-time mapping technique has also been widely applied to derive the partition function Z N for the DNA molecules keeping in mind that the latter represent a classical system [66] . Specifically, this has been done using the same method which permits solving the pseudo-Schrödinger equation for a Morse potential obtained from the Hamiltonian in Eqs. (3), (4) after suppressing angular variables, non-linear parameters and taking the strong K S limit [67] [68] [69] [70] .
Inherent to the method is that Z N is written as an integral over closed paths, r i (0) = r i (β), where β is the inverse temperature which sets the amplitude of the trajectories along the τ -axis. Accordingly any base pair trajectory r i (τ ) can be Fourier expanded in a series whose coefficients yield an ensemble of possible radial fluctuations which statistically contribute to the path integration with their specific Boltzmann weight, provided they fulfill the physical requirements set by the model potential and outlined above.
Accordingly, integrating over the Fourier coefficients, the program adds more and more trajectories to Z N until numerical convergence is achieved. This defines the state of thermodynamic equilibrium for the system. As our model contains bending and twisting degrees of freedom, the convergence must be checked also against the angular variables with their specific cutoffs.
Then, the general Z N associated to Eq. (4) is given by:
and the free energy of the system is computed from Eq. (5) as:
The cutoffs on the bending and twisting angles are set to φ M = π/2 and θ M = π/4, respectively. These choices are consistent with the formation of kinks which locally reduce the bending energy [31, 71] and permit achieving numerical convergence in the computation of Eq. (5).
While A b is indeed the sum of the kinetic and potential energy, the integration measure Dr i over the space of the Fourier coefficients is chosen to normalize the kinetic action according to the condition [72, 73] :
which also sets the free energy zero. It is emphasized that, as the normalization condition holds for any µ, F does not depend on µ as expected for a classical system.
Eqs. (5), (6) define the ensemble over which we carry out the statistical averages for the physical parameters and distribution functions of the DNA fragments.
From Eq. (6), one derives the temperature dependent cutoffs in the integration over the radial fluctuations as detailed in ref. [66] . In this regard two considerations follow:
i) As the base pair displacements sample a temperature dependent portion of the phase space defined in Eq. (5), the temperature effects on the physical properties of the molecules can be suitably incorporated in the path integral computation. The calculations in Sections III and IV are performed at room temperature.
ii) The cutoff on the radial base pair fluctuations, measured with respect to R 0 , is set at 12Å. Hence, large fluctuations and base pair breaking are incorporated in the code.
Finally we notice that, as the path integration consistently truncates the phase space available to the base pair displacements, one may extend the method to tackle problems in which the free volume for the DNA molecule is restricted by the presence of crowders as it occurs in cells [74] . This may also be done by considering site specific effects of non uniformly distributed crowders on DNA oligomers.
III. Twist conformation
As mentioned in the Introduction, the DNA biological functioning is intrinsically associated to the fluctuational opening of base pairs and formation of transient bubbles [75] [76] [77] [78] [79] [80] [81] [82] [83] which locally untwist the helix leading to a state of negative supercoiling [84] . DNA torsional and bending flexibility has been widely investigated by techniques which stretch single molecules and study their response as a function of the applied load [85] [86] [87] [88] [89] [90] . In all these cases, both in vivo and in vitro, the average helical repeat (< h >) may deviate from the value associated to the unperturbed configuration. It seems therefore convenient to have a theoretical scheme which treats the helical repeat (h) i.e., the number of base pairs per helix turn, as an input parameter associated to a specific helical conformation and determines < h > by summing over the ensemble of all base pair fluctuations contributing to Eq. (5).
To this purpose, we have devised a recursive method which defines the twist angle θ i of the i − th base pair (in Fig. 1 ) as the sum of the average < θ i−1 > computed for the preceding base pair along the axis and the increment 2π/h accounting for the molecule helical conformation. For the first base pair in the chain, the average twist angle is set equal to zero (< θ 1 >= 0). Furthermore, h is tuned within a broad range (∈ [6, 14] ) and, for any selected h, an integration is performed over a twist fluctuation θ [91] . With this procedure, given a set of n input values for h, we derive a set of n average helical repeat as:
where < θ N > is the average twist for the last base pair in the chain. It is emphasized that the ensemble averaged twist angles also incorporate the contributions of the radial and bending fluctuations which are intertwined in the computation as made evident in Eq. (5).
The accuracy of the method has been tested by increasing the number n of values sampled by the program until convergence is achieved for the free energy of the molecule conformation associated to any < h > j .
By free energy minimization, one eventually determines the equilibrium average helical repeat (< h > j * ) in specific environmental conditions defined e.g. by the temperature, salt concentration and in the presence of external forces. Besides, one can study the thermodynamics of the molecule both in the untwisted (< h > j larger than < h > j * ) and in the over-twisted (< h > j smaller than < h > j * ) conformations.
In Fig. 2 , we plot the free energy per base pair against < h > j for a set of eight homogeneous fragments with N = 10, ..., 80. It appears that, by increasing N, the F/N values generally decrease for any twist conformation indicating that the molecule stability grows with the length. Moreover, for larger N, the plots also get more densely spaced pointing to a convergence in the free energy values per base pair for molecules with ∼ 10 2 base pairs.
Noticeably, the F/N minima which determine the < h > j * 's shift upwards by increasing the molecule length. As highlighted in Fig. 3 , the < h > j * 's grow versus N with large gradient for very short sequences and with a slower pace for longer fragments. Although the computations has not been carried out for N > 80, < h > j * is expected to converge to ∼ 10 for molecules of order ∼ 10 2 base pairs, thus approaching the standard room temperature experimental value of kilo base long DNA [92, 93] .
Clearly the specific twist conformation affects the molecule structural parameters such as average diameter and elongation [94] . Thus, the program calculates, for each < h > j , also the ensemble averages for the base pair distances in Eq. (1) ( < d i,i−1 > ) and for the bending angles ( < φ i > ) which are essential to the analysis of the contour length and radial distribution functions. It is understood that the ensemble averages are carried out according to the procedure described in Section II and summarized by Eqs. (5), (6) .
In the following we assume that the DNA fragments are in the equilibrium twist conformation determined by < h > j * and, accordingly, calculate the distribution functions using the ensemble averaged helical parameters associated to such conformation.
IV. Distribution Functions

A. Contour length
The contour length distribution function C(L) is defined as:
In order to compute C(L), we first build a physically meaningful range for the contour length L: for any dimer, fluctuations of variable amplitude ∆ a are considered with respect to the ensemble averaged < d i,i−1 > computed as described in Section III. Then, after setting (2) can be written as:
where < L > N is the mean contour length for the fragment with N base pairs. Then, using the integral representation for the Dirac δ-function, Eq. (8) transforms into:
which is computed by taking again the averages over the ensemble specified by Eq. (5).
Note that the exp-argument can be written in the form of a sum of decoupled contributions from successive dimers as < L > N itself is a sum over the base pair index of ensemble averaged terms.
B. End-to-End Distribution Function
For a given value of L, the radial end-to-end distribution function G(R e−e , L) is defined by:
Similarly to what has been done for the contour length, we need now to set a suitable range of R e−e 's values around its ensemble average for the calculation of G(R e−e , L). However, one notices that the end-to-end distance in Eq. (2) and its ensemble average cannot be decoupled as sums over the base pair index. Hence, the procedure used to derive Eq. (10) cannot be applied to transform Eq. (11) in a form suitable for computation.
The problem is circumvented by observing that, for short sequences whose molecular axis lies on a plane [95] , R 2 e−e is indeed approximated by a sum over i as double index terms of order cos(φ j − φ i ), yielding minor contributions to the statistical averages over bending fluctuations, can be neglected. Explicitly, from the second of Eqs. (2), we find that:
Besides decoupling the single dimer contributions, Eq. (12) also defines a quantity, R e−e (i), which is linear in the distances d i,i−1 . Then, for any dimer, we take fluctuations of amplitude ∆ b with respect to its average < R e−e (i) >, i.e., R e−e (i) = < R e−e (i) > ±∆ b and set:
obtained by ensemble averaging the second of Eqs. (2) . This however is not relevant to our purposes, as Eq. (12) and Eq. (13) consistently provide a reference value around which, by varying ∆ b , we can sample a range of R e−e 's for the calculation of G(R e−e , L).
Then, applying the identity:
e−e ) = 1 2R e−e δ(x + R e−e ) + δ(x − R e−e ) ,
with x ≡ N i=2 d i,i−1 , we first re-write Eq. (11) as
Finally, using the integral representation for the Dirac δ-function, Eq. (15) is transformed in the form:
Hereafter Eq. (16) is computed with the above defined ensemble averages and assuming for the contour length the value < L > N in Eq. (9).
It is also noticed that, by integrating over L the product of Eq. (8) and Eq. (11), one can numerically derive the full radial distribution function G(R e−e ). This step however, which would further increase the computational time, is beyond the scope of this work. On the other hand, the most probable end-to-end distance calculated by Eq. (16) is not expected to deviate substantially from the maximum value of G(R e−e ).
C. Results
In Fig. 4 , we plot the mean contour length and end-to-end distance, calculated by Eq. (9) and Eq. (13) respectively, for the short sequences considered in Section II. While < L > N is obviously a linear function of N, < R e−e > N significantly deviates from linearity as the molecules become longer. This follows from the fact that coiled configurations are entropically favored and their statistical weight in the partition function is larger in longer chains as expected. Such physical interpretation, extracted by Fig. 4(b) , indicates that Eq. (13) is a good approximation of the mean end-to-end distance and that the assumptions made to derive Eq. (12) are reliable.
In Fig. 5 , we plot the contour length and the radial end-to-end distance distribution functions, normalized to the peak value, for a set of six short sequences. The contour length abscissa is L/ < L > N while the end-to-end distance abscissa is R e−e / < R e−e > N to highlight the evolution in the shape of the distribution functions versus N. Both functions approach a Gaussian statistics by increasing N although the convergence of the contour length distribution to a bell-shaped curve is smoother: in fact it is the end-to-end distance to be mainly affected by fluctuational effects which cause the presence of bumps, mainly for very short chains.
For N ∼ 50 and beyond, the distributions tend to overlap. Note instead that in the simple random chain model for a finite chain with N joints, the end-to-end distribution shows fast convergence, already for N ∼ 10, to the Gaussian distribution obtained in the continuum limit [96] . This can be done e.g., in the framework of the WLC model, widely used to fit experimental data, in which the persistence length defines the characteristic length over which the infinitesimally small chain bonds maintain an exponentially decaying orientational correlation. Accordingly, keeping the contour length L finite while N gets infinitely large, the WLC end-to-end distance reads:
where s, s ′ are the arc length variables along the chain [97] .
As R e−e represents a global conformational property of the chain, l p defined by Eq. (17) incorporates contributions from both short and long range interactions hence, it depends on L which, in the WLC model, is usually assumed much larger than l p [98] . Although it is conceptually distinct from the true persistence length which measures strictly local correlations [99, 100] (and should not depend on L), the apparent l p in Eq. (17) is directly related to the observable R e−e and therefore it can be used for our purpose. shown in Fig. 5 , the end-to-end distribution is poorly approximated by a Gaussian law which instead is consistently recovered when the contour length is larger than l p . On the other side, our estimate of l p is based on a relation, Eq. (17) , which pertains to a continuum model whereas the most probable end-to-end distance and contour length have been computed by a discrete Hamiltonian model for an helix in a specific twist conformation. While this procedure has been followed in order to make some comparison with available estimates based on the WLC model, in a more precise and consistent analysis l p should be directly computed by the same discrete and twisted model. This programme is left for a future work. 
VI. Conclusions
This work investigates the DNA flexibility properties focusing on the contour length and radial distribution functions at those short length scales which are biologically important.
In this range, we feel appropriate to use a method based on a mesoscopic Hamiltonian model which provides a realistic description of the helical structure at the level of the base pair thus allowing for a broad range of possible radial and angular fluctuations. The stacking potential describes the intra-strand forces between adjacent base pairs which stabilize the helix with the variable base pair distances depending both on the radial and angular variables. Accordingly, the molecules can be stretched, twisted and bent without the need for those phenomenological parameters which account for the global flexibility in worm-likechain models. Certainly our Hamiltonian depends on a set of base pair effective parameters whose range of values, however, has been widely tested in previous works by fitting thermodynamic and elastic data. Although this work is restricted to homogeneous chains, the extension to incorporate sequence specificities in the model is straightforward.
The statistical method builds an ensemble of molecule conformations consistent with the model potential and achieves numerical convergence on the partition function by including ∼ 10 8 configurations for each dimer along the molecule stack. Thus we are able to determine the molecule twist conformations with their specific free energy.
The computation has been carried out in two steps: first, for the equilibrium twist conformation associated to the free energy minimum, one obtains the ensemble averages for the structural parameters which determine the specific shape of the helix i.e., the base pair distances and the bending angles for each dimer in the sequence. Second, one considers all fluctuations around the mean values (for the contour length and the end-to-end distance) and performs the ensemble averages which contribute to the distribution functions in Eqs. (10), (16) . In this way we have derived the distribution functions for a set of short molecules in the physically significant range defined by the average parameters and found, While foremost task of this study has been that of developing a computational scheme for the distribution functions of short molecules, we finally mention that the method may be further applied to a number of cases which can be experimentally accessed. For instance, one may study the evolution of the radial distribution function in the presence of an external load and/or under the effect of variable environmental conditions. The method may be also extended to molecules with ∼ 100 base pairs and more, albeit at the price of a significant increase of the computational resources.
